A mapping is obtained relating radial screened Coulomb systems with low screening parameters to radial anharmonic oscillators in N -dimensional space. Using the formalism of supersymmetric quantum mechanics, it is shown that exact solutions of these potentials exist when the parameters satisfy certain constraints.
Introduction
Since the appearance of quantum mechanics there has been continual interest in models for which the corresponding Schrödinger equation is exactly solvable. Solvable potential problems have played a dual role in physics. First, they represented useful aids in modeling realistic physical problems, and second, they offered an interesting field of investigation in their own right. Related to this latter area, the concept of solvability has changed to some extent in recent years. With regards to solvability of the Schrödinger equation there are three interesting classes of the potentials.
The first class is the exactly solvable potentials allowing to obtain in explicit form all energy levels and corresponding wave functions. The hydrogen atom and harmonic oscillator are the best-known examples of this type. The second class is the so-called quasi-exactly solvable (QES) potentials for which a finite number of eigenstates of corresponding Hamiltonian can be found exactly in explicit form. The first examples of such potentials were given in [1] . Subsequently several methods for generating partially solvable potentials were worked out, as a result many QES solvable potentials were found [2] . The third class is the conditionally-exactly solvable potentials [3] for which the eigenvalue problem for the corresponding Hamiltonian is exactly solvable only when the parameters of the potential obey certain conditions.
Although modern computational facilities permit the construction of solutions for any well-behaved potentials to any degree of accuracy, there remains continuing interest in exact solutions for a wider range of potentials. In connection with this, the technique of changing the independent coordinate has always been a useful tool in the solution of the Schrödinger equation. For one thing, this allows something of a systematic approach, enabling one to recognize the equivalence of superficially unrelated quantum mechanical problems. For example, solvable Natanzon [4] potentials in nonrelativistic quantum mechanics are known to group into two disjoint classes depending on whether the Schrödinger equation can be reduced to a hypergeometric or a confluent hypergeometric equation. All the potentials within each class are connected via point canonical transformations. Gangopadhyaya and his co-workers [5] established a connection also between the two classes with appropriate limiting procedures and redefinition of parameters, thereby inter-relating all known solvable potentials. In order for the Schrödinger equation to be mapped into another Schrödinger equation, there are severe restrictions on the nature of the coordinate transformation. Coordinate transformations which satisfy these restrictions give rise to new solvable problems. When the relationship between coordinates is implicit, then the new solution are only implicitly determined, while if the relationship is explicit then the newly found solvable potentials are also shape invariant [5, 6] . In a more specific special application of these ideas, Kostelecky et al. [7] were able to relate, using an explicit coordinate transformation, the Coulomb problem in N-dimensions with the N-dimensional harmonic oscillator. Other explicit applications of the coordinate transformation idea can be found in the review articles of Haymaker and Rau [8] .
Moreover, recently an anti-isospectral transformation called also as duality transformation was introduced [9] . This transformation relates the energy levels and wave functions of two QES potentials. Many recent papers [10-12, and the references therein] have addressed this subject of coordinate transformation placing a particular emphasis on QES power-law potentials, which is also the subject of the present work in some extent. The generalization to higher dimensions of one-dimensional QES potentials was discussed in a recent paper [13] and a few specific N-dimensional solutions were listed. In that work, applying a suitable transformation, these potentials were shown to be related to the isotropic oscillator plus Coulomb potential system and some normalized isolated solutions for this system were obtained.
The importance in the study of QES potentials, apart from intrinsic academic interest, rests on the possibility of using their solutions to test the quality of numerical methods and in the possible existence of real physical systems that they could represent. For instance, anharmonic oscillators and screening Coulomb (or Yukawa) potentials represent simplified models of many situations found in different field of physics. These problems have been studied for years and a general solution has not yet been found.
The problem of quantum anharmonic oscillators has been the subject of much discussion for decades, both from an analytical and a numerical point of view, because of its important applications in quantum-field theory [14] , molecular physics [15] , and solid-state and statistical physics [16, 17] . Various methods have been used successfully for the one-dimensional anharmonic oscillators with various types of anharmonicities. Relatively less attention has been given to the anharmonic oscillators in higher-dimensional space because of the presence of angular-momentum states that make the problem more complicated. The recent works [10, 11] have shown that there are many interesting features of the anharmonic oscillators and the perturbed Coulomb problems in higher-dimensional space, and discussed the explicit dependence of these two potentials.
Using the spirit of the works in Refs. [10, 11] , we show the mappings between screened Coulomb potentials (with low screening parameters) and anharmonic oscillator potentials in N-dimensional space, which have not been previously linked. The connection between these potentials are also checked numerically by the use of the Lagrange-mesh calculation technique [18, 19] . Next we study the Ndimensional screened Coulomb problem and higher order anharmonic oscillators within the framework of supersymmetric quantum mechanics (SSQM) [20] and have shown that SSQM yields exact solutions for a single state only.
In the following section, we outline the mapping procedure used through the article and give the applications. We also discuss in the same section exact supersymmetric treatments of the ground state solutions for the initial and transformed potentials. Analysis and discussion of the results obtained are given in section 3. Section 4 involves concluding remarks.
Mappings between the two distinct systems
The radial Schrödinger equation for a spherically symmetric potential in Ndimensional space
is transformed to
where Ψ(r) = r (N −1)/2 R(r), the reduced radial wave function , and M = N + 2ℓ. Note that the solutions for a particular central potential are the same as long as M remains unaltered. For instance, the s-wave eigensolutions and eigenvalues in four-dimensional space are identical to the p-wave solutions in two-dimensions.
We substitute r = αρ 2 /2 and R = F (ρ)/ρ λ , suggested by the known transformations between the Coulomb and harmonic oscillator problems [7, 21] and used by [10, 11] to show the mappings between unperturbed Coulomb and anharmonic oscillator problems, and transform Eq.(1) to another Schrödinger-like equation in N ′ = 2N − 2 − 2λ dimensional space with angular momentum L = 2ℓ + λ,
and α is a parameter to be adjusted properly. Thus, by this transformation, the N -dimensional radial wave Schrödinger equation with angular momentum ℓ can be transformed to a N ′ = 2N − 2 − 2λ dimensional equation with angular momentum L = 2ℓ + λ. The significance of the mapping parameter λ is discussed below.
A student of introductory quantum mechanics often learns that the Schrödinger equation can be solved numerically for all angular momenta for the screened Coulomb and anharmonic oscillator problems. Less frequently, the student is made aware of the relation between these two problems, which are linked by a simple change of the independent variable discussed in detail through this section. Under this transformation, energies and coupling constants trade places, and orbital angular momenta are rescaled. Thus, we have shown here that there is really only one quantum mechanical problem, not two.
The static screened Coulomb potential
where δ is a screening parameter, is known to describe adequately the effective interaction in many-body environment of a variety of fields such as atomic, nuclear, solid-state and plasma physics. In nuclear physics it goes under the name of the Yukawa potential (with e 2 replaced by another coupling constant), and in plasma physics it is commonly known as the Debye-Hückel potential. Eq. (5) also describes the potential of an impurity in a metal and in a semiconductor [22] . Since the Schrödinger equation for such potentials does not admit exact analytic solutions, various approximate methods [23, 24 , and the references therein], both analytic and numerical, have been developed.
Considering the recent interest in various power-law potentials in the literature, we work through the article within the frame of low screening parameter. In this case, the screened Coulomb potential appears
in the form. The literature is rich with examples of particular solutions for such power-law potentials employed in different fields of physics, for recent applications see Refs. [25, 26] . At this stage one may wonder why the series expansion is truncated at a lower order. This can be understood as follows. It is widely appreciated that convergence is not an important or even desirable property for series approximations in physical problems. Specifically, a slowly convergent approximation which requires many terms to achieve reasonable accuracy is much less valuable then a divergent series which gives accurate answers in a few terms. This is clearly the case for the screening Coulomb problem [27] . This also explains why leading orders of the 1/N expansion converge at a similar rate for the hydrogen atom, the screening Coulomb potential, and two-electron atom even though the last two of these series diverge eventually [28] . In addition, the complexity of calculating higher order terms in the series for the corresponding transformed potential grows rapidly. Hence, if an accurate approximation cannot be achieved in a few terms, the present method may not be useful. However, in section 3 we show that the present technique gives excellent estimates for the energy eigenvalues of both, the truncated screening Coulomb and anharmonic oscillator problems in higher dimensions. Though the mapping procedure introduced is valid for any bound state, throughout this work we are concerned ony with the ground state. We have two reasons for this restriction. The first reason is that the exact analytical ground state solutions for the potentials of interest are available, which provides a test for the reliability of the present technique. The second reason is that the present model works well for low lying states, which will be shown in section 3. Proceeding, therefore, with the choice of α 2 = 1/|E n=0 | in Eq. (4), the screened Coulomb problem in Eq. (6) is transformed to an anharmonic oscillator problem such that
with the eigenvalueÊ
Thus, the system given by Eq. (6) in N-dimensional space is reduced to another system defined by Eq. (7) in N ′ = 2N − 2 − 2λ dimensional space. In other words, by changing the independent variable in the radial Schrödinger equation, we have been able to demonstrate a close equivalence between the screened Coulomb potential and anharmonic oscillator potentials.
For almost two decades, the study of higher order anharmonic potentials has been desirable to physicists and mathematicians in understanding a few newly discovered phenomena such as structural phase transitions [29] , polaron formation in solids [30] , and the concept of false vacuum in the field theory [31] . Unfortunately, in these anharmonic potentials, not much work has been carried out on the potential like the one defined by (7) except the works in Refs. [32] [33] [34] . Our investigation in N-dimensional space, beyond showing an explicit connection between two distinct systems involving potentials of type (6) and (7), would also be helpful to the literature regarding the solutions of such potentials in arbitrary dimensions due to the recent wide interest in the lower-dimensional field theory.
Eqs. (7) and (8) are the most important expressions in the present work. To test explicitly if these results are reliable, one needs to have an exact analytical solutions for the potentials of interest, which are found below within the frame of supersymmetric quantum mechanics.
Supersymmetric treatment for the ground state
Using the formalism of SSQM [20] we set the superpotential
for the potential in (6) and identify V + (r) supersymmetric partner potential with the corresponding effective potential so that (10) where n = 0, 1, 2, ... is the radial quantum number. The relations between the parameters in (10) satisfy the supersymmetric definitions
Note that in order to retain the well-behaved solution at r → ∞ we have chosen the negative sign in a 4 . The potential in (6) admits the exact solutions
where N 0 is the normalization constant, with the physically acceptable eigenvalues
under the constraints
from which one arrives at the uniquely determined values of M ≈ 5 and δ ≈ 0.28 in case of using atomic units in (6) . The results obtained here are the generalization of the work in Ref. [25] . For the anharmonic oscillator potential in (7), we set the corresponding superpotential
which leads to
with C 0 being the corresponding normalization constant. Note that Ψ(ρ) satisfies a differential equation analogous to Eq. (2) and is related to F (ρ) in Eq. (3) as Ψ(ρ) = ρ (N ′ −1)/2 F (ρ) like the relation between R(r) and Ψ(r). Identifying V + (ρ) with the effective potential we arrive at an expression for the physically meaningful ground state eigenvalues of the anharmonic oscillator potential in arbitrary dimensions,
where M ′ = N ′ + 2L, and the relations between the potential parameters satisfy the supersymmetric constraints
As we are dealing with a confined particle system, the negative values for a and d would of course be the right choice to ensure the well behaved nature of the wave function behaviour at infinity. Our results are in agreement with the literature existing for three-dimensions [32, 33] (in case N ′ = 3) and for two-dimensions [34] 
. In sum, we have shown that SSQM yields exact solutions for a single state only for the underlying quasi-exactly solvable potentials in higher dimensions with some constraints on the coupling constants. These constraints differ from each eigenvalue, and hence various solutions do not correspond to the same potential and are not orthogonal. We have not found these solutions discussed in the literature.
Significance of the mapping parameter
To show explicitly the physics behind the transformation described above, and to make clear the significance of the mapping parameter λ, we consider Eqs. (13) and (17) together within the same frame and arrive at
To be consistent with Eq. (8) we must impose 0 ≤ λ ≤ 1 as an integer, such that M
It is a general feature of this map that , in both cases (λ = 0, 1), the spectrum of the N-dimensional screened Coulomb problem is related to half the spectrum of the N ′ -dimension anharmonic oscillator for any even integer N ′ . The reader is referred to [7] for a comprehensive discussion of similar conformal mappings in the language of physics.
It is worthwhile at this stage to note that recently Chaudhuri and Mondal [10] studied the relations between anharmonic oscillators and perturbed Coulomb potentials in higher dimensions but their results correspond only to the case when λ = 1, in this case the three-dimensional perturbed Coulomb problem and the four-dimensional anharmonic oscillator cannot be related. However, by introducing an extra degree of freedom for the mapping parameter (λ = 0) through our equations, we can reproduce the well-known results found in the literature in three-dimensions. With this exact correspondence we can check Eq. (8), using exact results for the screened Coulomb potential, and calculated numerical results for the anharmonic oscillator potential.
Results and Discussion
In this section numerical applications of the transformation presented in the previous section are given. Calculations to check the validity of the equations developed for the screened Coulomb and anharmonic potentials are also given here. Table I displays the exact eigenvalues of the screened Coulomb potential in three-, and five-dimensions obtained using the Lagrange-mesh calculation technique [18, 19] for selected values of the potential parameters. Highly accurate Lagrange-mesh calculation results agree well with the best existing numerical and theoretical values obtained in three-dimensions [23, 24] . Due to the constraint in the potential parameter A 1 expressed in Eq. (14), we are not able to show in the same table the corresponding exact energy values which can be calculated by Eq. (13) . For the work of interest in this paper we set A 1 = −1, consequently the adequate δ-values satisfying the condition in Eq. (14) fall outside the scope of the presented work which has been performed for only low screening parameters. Further, our calculation results shown in Table I make clear that the eigenvalues of the five-dimensional screened Coulomb problem with any angular momentum quantum number ℓ, for a particular δ value, are equal to the same system with ℓ + 1 in three-dimensions, due to M = N + 2ℓ which remains unaltered for these states. The tabulated results support the work of Imbo and Sukhatme [35] in which they formulated SSQM for spherically symmetric potentials in N spatial dimensions and showed that the supersymmetric partner of a given potential can be effectively treated as being N + 2 (ℓ → ℓ + 1) dimensions. This fact was exploited in their calculations using the shifted 1/N expansion.
It is also noted that for very small values of the screening parameter, the screening Coulomb potential reduces to the Coulomb potential that is shape invariant having supersymmetric character. Therefore, the related supersymmetric partner potentials, such as V ℓ and V ℓ+1 , are expected to have the same spectra except the ground-state energy. This can easily be seen in Table I for the case of δ = 0.001 in both arbitrary dimensions. For instance, the supersymmetric partner of the s-orbital (ℓ = 0) spectrum of hydrogen is the p-orbital (ℓ = 1) spectrum of the same system. Finally, the exact calculated eigenvalues, by the use of Eq. (8), for the anharmonic oscillator in four-dimensions from the known exact results for the screened Coulomb problem in three-dimensions are displayed in Table II . These eigenvalues are checked by the Lagrange-mesh calculations and tabulated in the same table. For low lying states, the results obtained with the present technique agree well with the numerical calculations, but this agreement deteriorates quickly for higher lying states.
Concluding Remarks
The mapping problems in arbitrary dimensions have been the subject of several papers and have served to illustrate various aspects of quantum mechanics of considerable pedagogical value. As the objective of this presentation we have highlighted a different facet of these studies and established a very general connection between the screened Coulomb and anharmonic oscillator potentials in higher dimensional space through the application of a suitable transformation, the purpose being the emphasize the pedagogical value residing in this interrelationship between two of the most practical applications of quantum mechanics. The exact ground state solutions for the potentials considered are obtained analytically within the framework of supersymmetric quantum mechanics, which provides a testing ground for benchmark calculations. Although much work had been done in the literature on similar problems, an investigation as the one we have discussed in this paper was missing to our knowledge. 
